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1. ABSTRACT

This work determines the location of the greatest elassireds in spherical and cylindrical Hertzian
contacts based upon the distortion energy and the maximumsstesartheories. The ratios between the maximum
pressure, the von Mises stress, and the maximum shear sgefteamined and fitted by empirical formulations
for a wide range of the Poisson ratio, which represents naterigressibility. Some similarities exist between
cylindrical and spherical contacts, where for many metalb¢enals the maximum von Mises or shear stresses
emerge beneath the surface. However, in cylindrical corfitacyiof the materials is excessively compressible then
the maximum von Mises stress appears at the surface. Tiesmamding Poisson ratios are found. The critical
forces that cause yielding onset, and the corresponding intedsrand radius or half-width contact are derived
along with the maximum stored strain energy. It is shownthl@adistressing stresses decrease as Poisson’s ratio
increases (i.e., as the material approaches incompressitiilitg)results obtained herein are then used to calibrate
FEA meshes intended for cases that do not have closed-form solutions.

2. INTRODUCTION

The utility of the Hertzian [1] solution in engineering is tyand likewise the literature is rich with theory and

applications. In mechanical engineering applications (geassings, rail-and-wheel, etc.) it is common to find

solutions that are specific to a single Poisson ratio that®tuél 3, serving as a “representative” value for metallic
materials. This work uses the Hertzian solution for spheandl cylindrical contact for a wide range of Poisson

ratios, 0<V <1/ 2. Some of the results are as expected (e.g., maximum diseesath the surface under certain
conditions), but some of the results have not been encountered or dexfeeel The results are both useful to
calculate critical values for design, and valuable for thieresion and convergence of FEA codes for both types of
contact.

Spherical contact has received considerable attentioreitatit four decades particularly because of its
applicability to asperity contact. A spherical contact is shimwfig. 1a, for which the maximum elastic deflection
based upon the Hertz solution is (Johnson [2])

2
a)z(”pf’jR; 1 _1-vf 1-v; 1_1 1

p ;= + s s B (1)
2E E E, E, 'R R R,

wherep, is the maximum Hertzian pressure, &dw, Ry, E;, 1, Ry, are the elastic properties and radii of sphere 1
and 2, respectively. It is well known that for spherical contaetmaximum von Mises stress occurs under the
surface, and thus yielding onset would take place at thaidocdising the “meaning” of hardness (Tabor [3]) a

critical interference and plasticity index are derived bgeBivood and Williamson [4]. That critical interference is

given by
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where an assumption in [4] is made thatis about (6H, andH is the material hardness. Chang et al. [5] have
similarly presented a critical interference

7KH Y
wﬁ( = j R 3)

This critical interference is identical to that givenkn. (2) if one lets the hardness fact+r0.6. To
accommodate various Poisson ratios, a linear expression is prppgose@l454 + 0.4L, which again is derived
based upon the definition of hardness, using a fixed relatiorRst2BS, whereS, is the material yield strength.

The conceptual drawback imbedded in Egs. (2, 3) is that theyupsly “hardness,” a loosely defined
guantity (see Williams [6]) that, if one adopts a common definitiah has gained status in the field, equals to the
average indentation pressure that occurs during fullytipliew of the entire contact area. This state is vastly
distinct from whatw, represents; i.eq is the interference that causes yielding onset at a singié [peneath the
surface, and it is derived from pure elastic considerationsindas on the other hand deals with “full plasticity” of
the entire contact surface and, therefore, it can hardiglbeant to this case. A hardness geometric limit has been
defined and discussed by Jackson and Green [7], which is shown teotamly with material properties but also
with the contact geometry of the surface; i.e., with therdedton itself. That is, the factor of 2.8 H#F2.8S, may
only be considered as a first approximation, where other fagtay need to be used instead. Of course, if hardness
is defined solely based upon yield strength then it is redundant, angt @ea@ost an independent material property.

Avoiding the (unnecessary) definition of hardness, an alternateatlen is proposed which uses the
distortion energy yield criterion at the site of maximum Wdises stress. To determine yielding the von Mises
stress is directly compared against the well-defined wig&hgth propertys,. The alternate derivation is proposed
in [7] but is limited to determining critical interferenca@ spherical contact only. It will be expanded to determine
other critical parameters as well. These are not onlyabfe from a practical design viewpoint but are also of
greatest importance for FEA modeling of Hertzian contactsh &i#A contact models are difficult to converge,
and the limits of elastic behavior, if known a priori, would bevalue to establish mesh convergence. In most
commercial FEA codes the yield strength is a common material iwhete hardness is not.

The modeling of various machine elements such as gearsgrelément bearings, or wheel-on-rail, lends
itself to elliptical contact and in the limit (say for dé= bearings) takes on a cylindrical form of contact. Ctitica
parameters are sought in this work also for a cylindmceaitact, which include the critical force that causes
yielding onset, and the corresponding interferences and hdilirwontact. It is found that maximum distress may
occur at the surface or beneath it depending on Poisson’s raticeHfar away from the contact ends where the
state of plane strain prevails, the stresses are coaigdower than at the ends where the state of plane stress
prevails.

3. SPHERICAL HERTZIAN STRESS

Let thex andy axes reside in the circular area of contact betweemilesheres, and theaxis is the coordinate
into the spheres (see Fig. 1a). The maximum (and princippagsses occur at=y=0. Under the total load?, the
maximum pressure is generated at the origin (Johnson [2])
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where the Hertzian contact radius is given by:
1/3
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and the deflection is given by Eq. (1). Definifige| z/ a|, then the stresses for the spherical contact, as given by
Shigley [8], are
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These stresses are calculated in either material 1 orritfieg obviously only{ = 0 in both materials. Whiles,

is independent of Poisson’s ratig,and g, are both dependent upon it. While the theoretical limit ofeoi's ratio
is betweer-1<v <1/2, it is rare to encounter engineering materials with neg&oisson ratios. Most materials
will fall in the rangeO<v <1/2 and the discussion herein is limited to this range.

3.1 MAXIMUM VON MISES STRESS AND CRITICAL PARAMETERS

Based upon Egs. (6, 7) the von Mises st@ssnormalized by the contact pressusg,is calculated by:

2 (1+¢2)2
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The above varies witlf wherev is a parameter. A plot of this ratio is given in Fig. 2. Nigtabere is a single
stationary point that resides inside the material signifyfregpoint of greatest distress. The maximum von Mises
stress is obtained by lettidgo, / p,)/ d{ =0. Applying that to Eq. (8) and considering just the numerator gives,
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This transcendental equation is solved numerically fowhere v as a parameter is varied in the
aforementioned range. The solution is curve fitted, giving the locatioragimum von Mises stress at

7. =0.38167+ 0.33136 (10)

The numerical values aof_ (not the curve fitted ones) are substituted back into Eq. (&)nfing the maximum

value of Ue/ P, . Defining its reciprocaly = p,/ 0,_,.. results clearly i€ = C(v).. A curve fit procedure gives

max !

C=1.30075+ 0.87825+ 0.54373 (11)



454

with almost indistinguishable error, whevds the Poisson ratio of either material (i.e., it is eitheror 1,). The
true interpretation o€ is that it represents the ratio between the maximum domtessure and the maximum von

Mises stress. At yielding, takes on the critical valug,., and by definitiowr, . =S, which giveC=1p, /S .

e-max
The maximum von Mises stress occurs beneath the surfaocmatiscationz, which varies wittp,. However, the
value ofC is determined for the ratio @fa (a being the contact radius) and thus is independenbyfitself. The

same is true for the locus of maximum von Mises stigss{ . = {,. To obtain the critical interference the value
of p, is replaced withCS in Eq. (1), and solving Eq. (4, 5) gives

N PT=] “TTeEC TR (12)
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where C§, = min( avy) S, @,) §2) accounting for the possibility of two different material preipst The

above parameters are useful for design purposes as wetlthg falibration and convergence of FEA codes (to be
discussed below). Another useful parameter is the potentiainjstnergy stored during elastic deformation,
equaling to the work done

u=| Pda)zl% E' R0
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The result is expressed by either the deflection (interfejenc load. Substituting Eq. (12) in the above results in
the maximum elastic energy that can possibly be stored (i.e., on theot/giglkeling, or plastic deformation)

_(mcs) R
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In the above it is idealized that linear elasticity prisvid yielding. While the strain energy is given for tharent
conjunction that includes both elastic bodies, it is apportioned antbiegstbased upon their relative stiffness.

3.2 MAXIMUM SHEAR STRESS AND CRITICAL PARAMETERS
Oftentimes  the maximum shear  stress is used to determidistress. Defined as

Toax = max( lo,-o, lb,-0o, |.§,-0, )| /., then substitution of Egs. (6, 7) results in
1 3

Tmax/Po - |l+v+§(l+v)Al’CCD'[[§])
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where themax() function in this hemispherical contact simplifies into a sireptpression because theandy
stresses are identical. The plot of this stress as &daraf depth and for various Poisson ratios is given in Fig. 3.
Sometimes stress intensity is used instead = max( lo,-o, lb,-o, |b,-0, )|. Hence, doubling the

values of the ordinate in Fig. 3 gives the latter.
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3.3 DISCUSSION OF RESULTS

The von Mises stress and maximum shear stress behavsimdarly. In fact, the maximum shear stress analysis
does not add new information (however, for some materials tplcatpon of the latter theory may be more
suitable for failure). Both normalized stresses haveostaty points (and thus distress points) beneath the surface,
where the maximum stresses are getting larger withasitre material compressibility (i.e., lower Poisson ratio).
This can be explained by the hydrostatic (or average) strespooemt that increases with the tendency of
incompressibility (i.e., larger Poisson ratio). Since thidrbgtatic component is ultimately being eliminated from
the final outcome of the von Mises and shear stresses, itsré@sdbwer ultimate values. Hence, from a design
perspective, tendency to larger Poisson ratios is desirable.

4. CYLINDRICAL HERTZIAN STRESS

While some of the general trends from spherical contact pddaiylindrical contact, the behavior of the latter is
more complex as shall be seen. k&ie the axis along the line of contact, yhexis is tangent to the two cylinders,
and thez axis is the coordinate into the cylinders (see Fig. 1b). magimum (and principal) stresses occur at
x=y=0. Under a total load per unit lengf/L, maximum pressure is generated at the origin (Johnson [2])

° bl
where the Hertzian half-width is given by:
1/2 1
b:{4(/]1+/]2)PRiRZJ :( 4 PRJ IZ; A :_:]'_Vi2 ; 1=12 (16)
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Now redefining{ =| z/ b|, then the stresses for cylindrical contact are (Shigley [8])
( TS 1 )
oy = -1-2c+1+22 12- | |
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These two stresses are calculated in either material2]l where again only >0 is allowed in both materials,
noting that both are independent of Poisson’s ratio. Assuming tigeo$tplain strain then the transverse stress is
o, =v(ag,+0,)which reduces to,

ox = -2 (—§+\/1_:E’E) v Po (19)

As previously, the discussion is limited to the ra@gel’ <1/ 2. Conveniently, letting’ approach zero leads to a
bi-axial stress state (i.e., plane stress).

4.1 MAXIMUM VON MISES STRESS AND CRITICAL PARAMETERS
Based upon Egs. (17-19) the von Mises stréks, normalized by the contact pressyg,is calculated by:
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The above varies witfi, whereVv is a parameter. A plot of this ratio is given in Fig. 4islinoted that the

maximum von Mises stress can occur either on the surfdbe( or somewhere under the surfaab$0)
depending upon Poisson’s ratio. The threshold is found below, butcthbdathe maximum von Mises stress may
be positioned at the surface is unique to cylindrical conéecbpposed to spherical contacts where the maximum
von Mises stress is always under the surface for all sag$séh ratios). The reason why this happens in the case of

cylindrical contact is imbedded in the assumption of plane sivh@red, is linearly dependent upon the Poisson

ratio (see Eqg. (19)). A diminishes the tri-axial stress state tends to a bi-akiass state, leading to a higher von
Mises stress for the same lo&or p,. At ¢ =0 Eq. (20) degenerates to

F} - fr -1y 1)
7=0

Po

For perfect compressibility,=0, and at¢ =0 a theoretical value is obtained, / p, =1.

The maximum von Mises stress is obtained by ledi(@, / p,)/ d{ = 0; hence, applying to Eq. (20) and
considering the numerator only gives,

4 (1+5%)? (-1+2§ (-§+\[1_+_?)) vid (1+6%)2 (-1+2§ (-§+\[1_+_?)) v -0 22)

This equation is solved numerically fdr, whereV as a parameter is varied in the aforementionegeran

The value of¢_is substituted back into Eq. (20) for finding theximum value otTe/ P, = C_l, where again
C =C(v). As discussed above, a global maximum stationamt gxists only above a certain valua/ofUp to
that value the maximum is at the surface accortbngq. (21). An exhaustive search reveals that at0.193€,
the transition occurs at a value & * =g,/ p, = 0.6122with an error of 10. The behavior ofz, / p, for this

specific value ofv =0.193€ is also shown in Fig. 4. Beyornid = 0.193&the numerical values of(v) are curve
fitted to a parabolic expression given below in &8), with almost indistinguishable error,

1
JLHap -1y . ¢ =0 @ v<0.1938
1.164+2.97% - 2.908° 7, =0.223+2.32+ 2.367 @> 0.1938

This value ofC is valid for as long as the material is elastie,, iup to yielding onset. This value is used toutate
critical parameters. The maximum deformation irylindrical line contact is given by Hamrock [9]. the current
notation it is
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If the distortion energy (von Mises) theory is dige predict yielding onset, then with the aid @f. E15) and the
definition of C, the critical values for force per unit length grference, and half-width are derived,

i:M-azRﬁ22|n£_1 ., =2 RCp (24)
L E' Lo E' CcS, T E

where agairCS§, = min( avy) S, @,) §2) accounts for two different material propertiese otential (strain)
energy per unit length, stored during elastic detdron is calculated by

Lefeggene s ot |34

Substituting the ratio d®. /L from Eq. (24) in the above results in the maxinelastic energy that can possibly be
stored (up to the point of yielding onset)

cs) R :
y Mm%_g -

4.2 MAXIMUM SHEAR STRESS
Using againr,,, = max( lo.-o, lb,-0, |b,-0, )| /', then upon substitution of Egs. (17-19) resuits i

-1+2 §2 (-1+vy+2v

C-Cv+ ——=—
2+ 122
( )
Cax/Po = nax cl-1+ —5 |
na l\ \/1+§2 }l
- ,l,,,, + ( C+ \H_IEZ) v
2\/ 1+62 (26)

Fig. 5 indicates that the maximum shear stressreatithe surface whan=0. But for ¥ > 0the maximum value
appears beneath the surface having a reduced maxialwe as increases. The function af, ,, may contain a
discontinuity in slop because of the nature ofrttax()function above, leading to two identical statignpoints at

v =0.24. Again, the maximum shear stress depends uporPtieson ratio, and doubling the values of the
ordinate in Fig. 5 gives the value of the stresarisity.

4.3 DISCUSSION OF RESULTS
The stress behavior in cylindrical line contaaguste different than that found in spherical coht&arst, maximum
distress can occur at the contact surface as wdlleaeath the surface; all this depends upon tresdtoratio.
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Again, unlike in spherical contact the maxima af tlon Mises and shear stresses do not behavetheitame.
While both have dual maxima, they occur at twoedéht Poisson ratios (0.1938 and 0.24, respecjively

The plane stress state can be obtained by ld¢tim@oisson ratio approach zero (even if the actlak is
different than zero). Clearly, this indicates thathe ends of a cylindrical contact the stresstmaiconsiderably
higher than at regions sufficiently distant frone #nds. This may explain the need for crowning ihhabmmonly
used in rolling element bearings to mitigate déferes in stresses along the line of contact.

5. FEA CONVERGENCE

Details of FEA modeling can be found in Jackson @mden [7], but instead of solving the contact caka
hemisphere against a rigid flat, the FEA solutienehis done for two identical elastic contactint-bglinders (for
brevity the case of two contacting hemispheresmdtted, although the trends are identical). Figsh®ws the
deformed and undeformed geometries, the mesh, lenddn Mises stress in the zoomed area of intefés.
overall model contains 83372 nodes, 25750 elem@tode), and 200 contact elements in the regiontefest
(this model is of similar refinement as in [7]; hever, here because two elastic bodies are modeledl the size
of the entire model is more than doubled). A newsimiey scheme is introduced in which a semicircdiemse
region of elements (visible in Fig. 6) is intendedcapture the extremely high stresses in the smgibn of
interest. Likewise, the mesh has a reasonable nufmltéch can be adjusted) of contact elements fiura the
contact phenomenon. As in [7], interference is iggpland the reactions are obtained from the cAgexperience
shows FEA codes are notoriously difficult to corgeerfor Hertzian contacts, particularly at the sewsll
deformations. This is because of the highly noalimgature of the contacting problem that is comgedrwith a
finite resolution between the contact elements,\ahigh further worsens with decreasing interferendgsing the
results from Eq. (24) the critical values are cldtad forE;= E», =200 GPa, 1,=1,b=0.32, andR1=R2=1 m,and
§=0.9115GPa.Using the commercial code ANSY$®he results of the simulation are given Tablevhiere the
last row represents the critical values. The netadifferences between the numerical values ansktlcalculated
based upon the analysis herein are also givemfallar interferences. It is obvious that very gaggeement exists
for the critical case. The agreement worsens (btiercessively) with decreasing applied interfeesndt should
be noted that various mesh schemes have beendrniddyhile having a similar number of nodes andelas the
discrepancies were significant (tens of percerfferdnce at the critical value). This reinforcee fact that mesh
convergence is of utmost importance, as the mesif ican introduce overly stiff structures or neatiopic
behavior. The mesh presented here is believedve gen satisfactory results, and it establist@didence in
analyzing contact problems of various kinds forahhilosed form solutions do not exist.

6. CONCLUSIONS

This work determines the location of the greatdsstie distress in spherical and cylindrical Heatricontacts
based upon the distortion energy and the maximuearsktress theories. The ratios between the maximum
pressure, the von Mises stress, and the maximuar stress are determined and fitted by empiricahédations
for a wide range of the Poisson ratio, which repmés material compressibility. Some similaritiessebetween
cylindrical and spherical contacts, where for mamstallic materials the maximum von Mises or shdgsses
emerge beneath the surface. However, if any ofrtiierials in cylindrical contact is excessively guessible then
the maximum von Mises stress appears at the surféeetransitional Poisson ratios are found. Thigcal forces
that cause yielding onset, and the corresponditegférences and radius or half-width contact ariveéd for both
types of contact. Likewise, the stored strain eiesrfpr both cases are obtained. The definitionawfiness is never
used in the determination of critical values. Isi®wn that in general the distressing stressagase as Poisson’s
ratio increases (i.e., as the material approaahamripressibility). The analytical results presentad serve as
targets for convergence and calibration of FEA raesto be used in cases where closed-form solutwas
unavailable.

1 ANSYS® is a registered trademark of SAS IP
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Fig.1: Spherical point contact (a), and cylindriliaé contact (b)
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Fig. 2: Normalized von Mises stress for sphericaitact as a function of nondimensiorzj|for various Poisson
ratios.
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Fig. 3: Normalized maximum shear stress for sphkgontact as a function of nondimensionzad |for various
Poisson ratios.
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Fig. 4: Normalized von Mises stress for cylindricantact as a function of nondimensioral]| for various
Poisson ratios.
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Fig. 5: Normalized maximum shear stress for cyigalrcontact as a function of nondimensioé| [for various
Poisson ratios.



FEA model (deformed and undeformed geas®tand the von Mises Stress &0.0007 m.

Table 1: Cylinder-on-Cylinder Contact FEM SimulatiBesults
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- ANSYS ANSYS ANSYS Theoretical Theoretical Theoretical

b[m] 0JGPa] p.[GPa] blm] %diff  pJGPa]  %diff alGPa]l  %diff
0.0002 0.006625301 | 0.33803 | 0.61506 | 0.005795 -14.33 | 0.645583 4.728 | 0.355216 4.838
0.0003 0.007843083 | 0.43299 | 0.78559 | 0.007261 -8.011 | 0.808976 2.891 | 0.445119 2.725
0.0005 0.010103994 | 0.58498 | 1.0577 | 0.009642 -4.790 | 1.074208 1.537 | 0.591056 1.028
0.0007 0.012016179 | 0.70868 | 1.2791 | 0.011619 -3.417 | 1.294466 1.187 | 0.712247 0.501
0.=0.00097 | 0.014446403 | 0.85777 | 1.5446 | 0.013967 -3.431 | 1.556062 0.737 | 0.856184 -0.185




